This paper develops the fuzzy hyperbolic model with time-varying delays guaranteed cost controller design via state-feedback for a class of nonlinear continuous-time systems with parameter uncertainties. A nonlinear quadratic cost function is developed as a performance measurement of the closed-loop fuzzy system based on fuzzy hyperbolic model with time-varying delays. Some sufficient conditions for the existence of such a fuzzy hyperbolic model based on data-driven guaranteed cost controller via state feedback are presented by a set of linear matrix inequalities LMIs . A simulation example is provided to illustrate the effectiveness of the proposed approach.
Introduction
Since time delays are frequently encountered in various areas such as engineering systems, biology, and economics, and the existence of time delays is often the main cause of instability and poor performance of a control system, considerable attention has been paid to the problem of stability analysis and controller synthesis for time-delay systems 1, 2 .
Recently, the problem of designing guaranteed cost controllers for uncertain timedelay systems has attracted a number of researchers' attention 3-6 . Guaranteed cost control GCC for time-delay systems can also be categorized into delay-independent methods and delay-dependent methods. The recent research trend has been focus on delay-dependent methods. In 3 , delay-dependent GCC was first proposed by utilizing model transformation. It was first illustrated that delay-dependent GCC can provide even less guaranteed cost than 2 Mathematical Problems in Engineering the delay-independent GCC methods. Reference 4 considered both state delays and input delays, and formulated the optimal guaranteed cost control problem which minimizes the upper bound of the closed-loop cost function. Reference 5 extend the delay-dependent method into the stabilization for time-delay T-S fuzzy systems, delay-dependent GCC problem for nonlinear systems with time-delays represented by the Takagi-Sugeno fuzzy mode was studied.
A novel continuous-time fuzzy model, called fuzzy hyperbolic model with timevarying delays DFHM , has been proposed in 7 . Fuzzy Hyperbolic Model is essentially a data-driven model. The DFHM based on data-driven has its own distinguishing characteristics. Firstly, neither structure identification nor completeness design of premise variables space is required when the DFHM is used to approximate the nonlinear systems, therefore the computational effort of modeling the DFHM is lower than modeling the T-S models. Secondly, less computational effort is required when DFHM is used since only one LMI needs to be solved. Thirdly, the DFHM based on data-driven we designed is naturally fuzzy nonlinear saturated controller, which is suitable for applying to practical systems. Last but not least, DFHM is a new kind of fuzzy neural networks, whose nodes have clear physical meanings. Therefore, the advantages of the DFHM based on data-driven are more obvious.
In this paper, delay-dependent fuzzy guaranteed cost controller via state feedback design based on DFHM, called delay-dependent fuzzy hyperbolic model based on datadriven guaranteed cost controller DD-DFHMGCC , is addressed. To the best of our knowledge, this is the first time to study the guaranteed cost controller problem of DFHM. By using the LMI technique, the DD-DFHMGCC design problem is converted into a feasible problem of LMI, which makes the prescribed attenuation level as small as possible, subject to some LMI constraints. A simulation example is finally presented to illustrate the effectiveness of the proposed design procedures.
System Description and Preliminaries
The DFHM modeling method for nonlinear systems was given in 7 . The following definition is addressed. Definition 2.1. Given a plant with n state variables x t x 1 t , . . . , x n t T , we call the fuzzy rule base a hyperbolic type fuzzy rule base HFRB if it satisfies the following conditions. 1 For each output variableẋ r t , r 1, 2, . . . , n, the kth fuzzy rule has the following form:
. and x n t is A n,s 0 and x n t − τ n1 t is A n,s 1 and . . . x n t − τ nd n t is A n,s d n , theṅ transmission delays associated with x j , τ ji j t > 0 is the time-varying transmission delay with τ j0 t 0, i j 0, 1, . . . , d j , j 1, 2, . . . , n.
2 The state variables in the If-part are optional, the same as the constant terms in the Then-part. That is the constant term c r A j,s i j in the Then-part is corresponding to A j,s i j in the If-part.
3 There are 2 n n j 1 d j fuzzy rules in everyẋ r t , that is, all the possible P j i j and N j i j combinations of input variables in the "If" part and all the linear combinations of constants in the "Then" part not including u r . So there are total n2 n n j 1 d j fuzzy rules in the rule base.
4 For everyẋ r r 1, 2, . . . , n , we construct the same premise fuzzy subsets, but the conclusion parameters are different. 
2.2
where i j 0, 1, . . . , d j , j 1, 2, . . . , n. k ji j > 0 is a positive constant. Then the system can be derived asẋ 
Since the difference between 2.3 and 2.4 is only the constant vector term in 2.3 , there is essentially no difference between the control of 2.3 and 2.4 . In this paper, we will design a fuzzy H∞ guaranteed cost controller based on DFHM described in 2.4 .
Fuzzy Hyperbolic with Time-Varying Delays Guaranteed Cost Control Design via State-Feedback
The DFHM for the nonlinear time-delay systems with parameter uncertainty is proposed as the following form:
where x t ∈ R n and u t ∈ R m denote the state vector and input vector, respectively; A ∈ R n×n , A i ∈ R n×n and B ∈ R n×m , are known real constant matrices; τ i t τ 1i t , τ 2i t , . . . , τ ni t T is the bounded time-varying delay and is assumed to satisfy 0 < τ ji t ≤ τ < ∞ anḋ τ ji t ≤ h, where τ and h are known constant scalars, j 1, 2, . . . , n, i 1, 2, . . . , J. The initial condition φ t is given by initial vector function, which is continuous for −τ ≤ t ≤ 0; ΔA t ∈ R n×n , ΔA i t ∈ R n×n and ΔB t ∈ R n×m are time-varying parameter uncertainty matrices and satisfy the condition
where M, N, N i i 1, 2, . . . , J and N b are known real constant matrices of appropriate dimension, and F t is an unknown matrix function satisfying F T t F t ≤ I I is an identity matrix with appropriate dimension . Such parametric uncertainties are said to be admissible. Definition 3.1. Consider system 3.1 with the following cost function:
where S and R are symmetric, positive-definite matrices; G is the feedback gain. The controller is called fuzzy hyperbolic model with time-varying delays guaranteed cost controller DFHMGCC if there exist a fuzzy hyperbolic control u t as in 3.4 and a scalar J 0 such that the closed-loop system is asymptotically stable and the closed-loop value of the cost function 3.3 satisfies J ≤ J 0 . J 0 is said to be a guaranteed cost and control law u t is said to be a fuzzy hyperbolic with time-varying delays guaranteed cost control law for system 3.1 . With the control law 3.4 the overall closed-loop system can be written as:
x t φ t , ∀t ∈ −τ, 0 .
3.5
For convenience, let ΔA : ΔA t , ΔA i :
Mathematical Problems in Engineering 5 Lemma 3.2 see 8 . Given appropriate dimension matrices M, E, and F satisfying F T F ≤ I, for any real scalar ε > 0, the following result holds: For any vector ς ∈ R n , ς T ς 1 , ς 2 , . . . , ς n , and diagonal positive definite matrix X, the following result holds:ṫ
Then, we have the following results.
Theorem 3.5. Given scalars τ and h, for the nonlinear system 3.1 and associated cost function
holds, then, the control law, u t G tanh Kx t is a fuzzy hyperbolic with time-varying delays guaranteed cost control law and 
3.11
for any time-varying delay τ i t τ 1i t , τ 2i t , . . . , τ ni t T satisfying 0 < τ i t ≤ τ < ∞ anḋ τ i t ≤ h, i 1, 2, . . . , J, and * denotes the entries induced by symmetry.
Proof. A Lyapunov-Krasovskii functional candidate for the time-varying delay system 3.5 is chosen as follows:
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where
3.13
and scalars p i > 0 i 1, 2, . . . , n , matrices Q λ > 0 λ 1, 2 , P diag p 1 , p 2 , . . . , p n is diagonal positive definite matrix, and k i0 i 1, 2, . . . , n are defined in 2.2 .
Taking the derivative of V t with respect to t along the trajectory of 3.5 yieldṡ
3.16
3.17
According to 0 < τ i t ≤ τ < ∞ and Lemma 3.3, we have
3.18
From 3.17 , 3.18 , and Lemma 3.4, we havė 
3.20
So, we havė
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3.23
3.24
By Schur complement, can be rewritten as the following form:
3.26
Comparing inequality 3.25 with Lemma 3.2, we can obtain 
3.28
11
Thus, the necessary and sufficient condition for inequality 3.25 to hold is that there exists a positive constant ε 03 > 0 and ε 04 > 0 such that 
3.30
By Schur complement, 3.29 is equivalent to 
where Θ diag ε 1 I ε 2 I · · · ε J I .
3.32
Pre-and post-multiplying diag P −1 P −1 ··· P 
anh K i x α dα dβ.
3.33
The proof is completed.
In fact, any feasible solution to 3.9 yields a suitable robust guaranteed cost controller. A better robust guaranteed cost control law minimizes the upper bound J 0 . Then, we can obtain Theorem 3.6. Theorem 3.6. Consider the nonlinear system 3.1 and its associated cost function 3.3 . If the optimization problem
3.34
Tr · denotes the trace of the matrix · , δ 2 n i 1 p −1 i ln cosh k i0 φ i 0 , then, the corresponding guaranteed cost control law, u t G tanh Kx t is an optimal guaranteed cost control. Under this control law the closed-loop cost function 3.2 is minimized.
Proof. By Theorem 3.6, the control law constructed in terms of any feasible solution of 3.9 is a guaranteed cost control law. According to Schur complement, the condition 2 is
Since Tr AB Tr BA , we have
3.35
So it follows that
3.36
Therefore, the guaranteed cost controller subject to 3.34 is an optimal guaranteed cost control. Under this controller the closed-loop cost function 3.3 is minimized.
This completes the proof.
Simulation
In the following, we will give an example to demonstrate the effectiveness of the obtained results.
Example 4.1. We apply the above analysis technique to a continuous stirred tank reactor CSTR in which the first-order irreversible exothermic reaction A → B occurs 11, 12 .
. . .
Here we choose membership functions of P j i j and N j i j i j 0, 1, 2, j 1, 2 as 2.2 . Then, we have the following model: We choose that τ i1 t 0.8|1.1sin 2 t − 0.6|, τ i2 t 0.5|1.1sin 2 t − 0.6|, i 1, 2, and the initial condition φ t 1 − 1 T , for all t ∈ −0.8 0 . and corresponding J 80.9812. Figure 1 depicts the behavior of the closed-loop system based on the DFHM for the initial conditions x 0 1 − 1 T . Figure 2 shows that the control input u. Simulation result demonstrates the effectiveness of the fuzzy hyperbolic with time-varying delays guaranteed control approach. 
Conclusion
In this paper, the delay-dependent fuzzy hyperbolic guaranteed cost control for nonlinear uncertain systems with time delay using DFHM has been considered. The design problem of DD-DFHMGCC is converted into linear matrix inequalities. The controller designed achieves closed-loop asymptotic stability and provides an upper bound on the closed-loop value of cost function. Simulation example is provided to illustrate the design procedure of the proposed method.
